MA109 Tutorial 2 Sarthak Mittal

Solutions to Tutorial Sheet 2

2. Let f: R — R be such that li_r>n f(x) exists for & € R. Show that

lim [f(a+ h) — f(aw— h)] = 0.

h—0

Analyse the converse.

Solution. Suppose li_r>n f(z) = L. Then }ILiHB f(a+h) =L, and since
r—x —

[fla+h) = fla=h)| <|fla+h) = LI+ |f(a—h) - L|

it follows that
lim |f(a+ h) — f(a—h)| =0.
h—0

The converse is false. For a counter-example, consider a = 0 and

1 =0
f(x):{|m1| x40

3. Discuss the continuity of the following functions:
(i) f(z) =sinl,if 2 # 0 and f(0) =0
Solution. Continuous everywhere except at * = 0. To see that f is not continuous at = = 0, consider

the sequences {zn }n>1, {yn}n>1 where

1
= — and y,, ;= ———.
n nmw anc Yn 2nm + 5

Note that both z,, y, — 0, but f(z,) — 0 and |f(y,)| — 1.

Since there exists a finite (equal to 1 in absolute value) between two infinitesimally close values of z,
the function f is discontinuous at z = 0. The value that the function converges to should be exactly
the same for any choice of sequence converging to the point of concern (here z = 0).

(ii) f(z) =xsind, if 2 # 0 and f(0) =0
Solution. Continuous everywhere. For proving the continuity of f at = 0, note that |f(z)| < |z|,
and f(0) = 0.
4. Let f : R — R satisfy f(z +y) = f(z) + f(y) for all z,y € R. If f is continuous at 0, show that f is
continuous at every ¢ € R.
Optional. Show that the function f satisfies f(kx) = kf(z), for all k € R.
Solution. Taking x =y =0, we get f(0+ 0) = 2f(0) so that f(0) = 0. By the assumption of the
continuity of f at 0, ill% f(z) =0. Thus,
lim f(e+h) = lm[f(c) + F(h)] = £(c)
showing that f is continuous at z = c.

Hint. For the optional part, first verify the equality for all £ € Q and then use the continuity of f to
establish it for all £ € R.
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5. Let f(x) = 2%sin(1/x) for x # 0 and f(0) = 0. Show that f is differentiable on R. Is f’ a continuous
function?

Solution. Clearly, f is differentiable for all x # 0 and the derivative is
, Al 1
f'(x) =2xsin| — ) —cos | — |,z #0.
x x

h? sin (l) -0
/ T h
70 = flzli% h

Also,

=0.

Clearly, f’ is continuous at any = # 0. However liﬁb f/(z) does not exist. Indeed, for any 6 > 0, we
T—

can choose n € N such that z := 1/nm, y := 1/(n+ 1)7 are in (=4, 4), but |f'(x) — f/'(y)| = 2.
7. If f: (a,b) = R is differentiable at ¢ € (a,b), then show that

. fle+h)—flc—h)
hlgg+ 2h

exists and equals f’(c). Is the converse true? [Hint: Consider f(z) = |z].]

Solution. For the first part, observe that
fleth)—fle=h) _ p L[fleth) = fle)  fle=h) = flc)

i — lim -
et 2h a0 2 h —h

The converse is false. Consider, for example, f(x) = |z| and ¢ = 0.
9. Using the theorem on derivatives of inverse function, compute the derivative of
(i) coslz, -1<a <1
Solution. Let f(z) = cos(z). Then f'(x) = —sin(z) # 0 for = € (0, 7).
Thus g(y) = f~(y) = cos™(y), —1 < y < 1 is differentiable and

/ 1 .
= where z is such that f(z) = .
J'(y) e flx)=y

Therefore,
1 -1

~ sin(x) B V1= cos?(x) - V1I—y?

(ii) cosec™lz, |z| > 1
Solution. Note that

1
cosec” ! (x) =sin™* = for |z| > 1
x

Since

—sin"!(z) = for |x| < 1,

1
Vv1—22
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one has, by the chain rule

10. Compute %, given

Solution. By the chain rule,

@:f, 20 -1\ d (2z-1
dz z+1 )de \ z+1
o (2—1\’] 3
T (x+1)2
_ 3 (oY
o (w1)2 x+1

11. Construct an example of a function f : R — R which is continuous every where and is differentiable

everywhere except at 2 points.

Solution. Consider f(z);=|z|+ |1 — x| for x € R.

1 2z€Q
0 2¢Q

Show that f is discontinuous at every c € R.

12. Let f(x) :{

Solution. For ¢ € R, select a sequence {ay, },,>1 of rational numbers and a sequence {b,,},>1 of
irrational numbers, both converging to ¢. Then {f(ay)}n>1 converges to 1 while { f(by,)},>1 converges
to 0, showing that limit of f at ¢ does not exist.

15. Let f : (a,b) = R and ¢ € (a,b). Show that the following are equivalent:
(i) f is differentiable at ¢

(ii) There exists § > 0 and a function ¢; : (—4,) — R such that }llin%) €1(h) =0 and
—
fle+h) = f(c) + ah + her(h) for all h € (=6,0)

(iii) There exists @ € R such that

- <|f(c+h)—f(c)—ahl> _o

h—0 ||

Solution. To prove equivalence, we need to prove (i) <= (ii) <= (iii). We can prove it in a cyclic

manner, as (i) = (ii), (ii) = (iii) and (iii) = ().
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(i) = (ii): Choose ¢ > 0 such that (¢ —d,¢+0) C (a,b). Take @ = f'(c) and

feth)—f()=ah b 4
61(]7,) = h ?é
0 h=0

. o et —f(@—ahl _ 1 _
(il) = (iii): fllli% 7 }lllg%)|el(h)| 0

(ii)) = (i): Jim [LED — o =0 — Jim LSO
—

exists and is equal to a.
h—0

Credits: MA105 Tutorial Solutions (2014)
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