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Problem 1

Let A be a 2× n matrix of real numbers. Is there a relationship
between the det(AAT ) and sum of the (2× 2) principal minors of
det(ATA)? Is there a similar such relationship for 3× n matrices?
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Problem 1

Let us brute force it and see what happens

A =

�
u1 · · · un
v1 . . . vn

�

AAT =

�P
uivi

P
u2iP

v2i
P

uivi

�

ATA =
�
uivj + ujvi

�

Mkt =

�
2ukvk utvk + vtuk

utvk + vtuk 2utvt

�

Let us evaluate the sum of determinants
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Problem 1

X

k<t

det(Mkt) =
X

k<t

det

��
2ukvk utvk + vtuk

utvk + vtuk 2utvt

��

=
X

k<t

ukvkutvt − u2t v
2
t − u2kv

2
k

= det(AAT )

QED
A similar result holds not only for 3× n matrices but for all
k × n, k ≤ n matrices1

1Why not for k > n?
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Problem 2

Show that

det







cosα 1 0 · · · 0
1 2cosα 1 · · · 0
0 1 2 cosα · · · 0
...

...
...

. . .
...

0 0 0 . . . 2 cosα







= cos nα
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Problem 2

We will use induction. Trivially, for n=2, we have

2 cos2 α− 1 = cos 2α

By the Induction hypothesis

Dk = 2 cosα cos(k − 1)α− cos(k − 2)α

Hence,
Dk = coskα

QED
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Problem 3

Suppose ⟨x , y⟩ is a Hermitian product. Show that

4⟨x , y⟩ = ∥x + y∥2 − ∥x − y∥2 + i∥x + iy∥2 − i∥x − iy∥2
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Problem 3

Let us recall some properties about the Hermitian product.

∥x∥2 = ⟨x , x⟩
⟨x , ay1 + by2⟩ = a⟨x , y1⟩+ b⟨x , y2⟩
⟨ax1 + bx2, y⟩ = ā⟨x1, y⟩+ b̄⟨x2, y⟩

Trivial from here

∥x + y∥2 − ∥x − y∥2 = 2⟨x , y⟩+ 2⟨y , x⟩
i∥x + iy∥2 − i∥x − iy∥2 = 2⟨x , y⟩ − 2⟨y , x⟩

4⟨x , y⟩ = ∥x + y∥2 − ∥x − y∥2 + i∥x + iy∥2 − i∥x − iy∥2

QED
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Problem 4

Sheet 4 Problem 4
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Problem 4
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Problem 5

Sheet 4 Problem 8
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Problem 5
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Problem 6

Show that if A is n × n complex matrix whose rows are
orthonormal, then so are its columns
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Problem 6

For the beauty of this concise proof, let me represent OC as
orthonormal columns and OR as orthonormal rows

OR =⇒ (AA† = I ) =⇒ (A† = A†AA†) =⇒ (A†A = I ) =⇒ OC
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Problem 7

V =
1√
3




1
i
−1


 ,W =

1√
6




1
−2i
−1




Find U ∈ C3 such that the 3 are orthonormal. Any other way than
Gram Schmidt?
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Problem 7

A trivial method exists using Gram Schmidt Orthonormalisation.
Consider the trivial basis of C3 and orthormalize them with respect
to the given vectors. At least one is bound to give you U
Another method would be to use the results of Problem 6.
Construct a vector U such that the augmented matrix formed has
orthonormal rows.

U =
1√
2



1
0
1




Can you think of any other method?
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